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Gravity-Turn Descent from Low
Circular Orbit Conditions

Colin R. McInnes*
University of Glasgow,
Glasgow, Scotland G12 8QQ, United Kingdom

Introduction

RAVITY-TURN descentto the surface of a planetary or small

solar system body has been investigated for many years and,
indeed, has been used for both lunar and Mars descent vehicles.! =
Such a descent profile requires that the vehicle thrust vector is ori-
ented opposite to the instantaneous velocity vector along the entire
descent trajectory. This requirement can be achieved with knowl-
edge of the vehicle velocity vector from an inertial measurement
unit and an attitude control system that can maintain the thrust
vector antiparallel to the instantaneous velocity vector.! For pure
gravity-turndescent, the steering law is, therefore, relatively easy to
implement in practice, although the descent may be modified at the
terminal phase for surface hazard avoidance. An important benefit
of gravity-turndescentis that the landing is assured to be vertical,
and the steering law is close to fuel optimum.?

The equations of motion for gravity-turndescentcan be solvedin
closed form for a fixed thrust-to-weightratio, assuming that a con-
stant, vertical gravitationalaccelerationis the only other force acting
on the descent vehicle.! The latter approximation limits the validity
of the solutions to regimes where the descent vehicle velocity is
small relative to the local circular orbit velocity because centripetal
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forces are ignored. The closed-form solutions can, therefore, only
be used to describe terminal descent, when the vehicle has braked
from circular orbit velocity and is close to the planetary surface.
In this Note, it will be demonstrated that the equations of motion
for gravity-turn descent can, in fact, be solved in closed form if
centripetal forces are retained, but gravity is assumed to be con-
stant in magnitude. Because the descent will normally begin from
a low circular parking orbit, these assumptions appear reasonable.
New solutions are found that allow a full representation of the de-
scent vehicle motion from circular orbit conditionsdown to the final
landing event.

Classical Gravity-Turn Solutions

The general equations of motion for the descent vehicle can be
written in normal-tangential coordinates, with the vehicle thrust-
inducedaccelerationwrittenas N gy, where N is the thrust-to-weight
ratio and gy is the gravitationalaccelerationat the planetary surface,
as shown in Fig. 1. For a planetary or small solar system body of
radius R, the equations of motion may be written as

dv R? v N (1a)
— = gg———cos Y — a
a gO(R+h)2 8o
dyr v? R? .
— = — s 1b
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where v is the vehicle velocity, ¥ is the pitch angle of the vehicle ve-
locity vectorrelativeto the local vertical,and / is the vehiclealtitude
above the planetary surface. The classical gravity-turnsolutions can
be obtained by assuming the descent takes place overa plane so that
R — 00. In this limit, the equations of motion reduce to

dv
Pl cosy — Ngo (2a)
d
Ud_f = —gosiny (2b)

These reduced equations may now be used to form a single, sepa-
rable differential equation with ¢ as the independent variable, such
that
1 dv
—— +cotyy — Ncosecyy =0 3)
vdy
This equationcan now be directlyintegratedto obtain the descent ve-
hicle velocity v as a function of the velocity vector pitch angle v as'

sin ¥ tan(y/2) N
sinyr tan(o/2)

A typical descent trajectory in the v—y plane is shown in Fig. 2
for a thrust-to-weightratio N = 2, with a numerically integrated so-
lution of Eq. (1) provided for comparison. The descentbegins from
circularorbitconditions.It can be seen that this closed-formsolution

v(y) = Uo{ “)

Ng,

descent vehicle

planetary surface

Fig. 1 Schematic of gravity-turn descent.
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Fig. 2 Velocity-pitch angle profile: - - - -, numerical integration; - - -,
classical gravity-turn solution; and ——, extended gravity-turn solu-

tion, with N=2 and A=1.

is only a reasonable approximation to the true descent trajectory at
the terminal phase of the descent, as expected. If the descent veloc-
ity is of the same order as the circular orbit velocity, the solution is
extremely poor.

Extended Gravity-Turn Solutions
The classical gravity turn solution can now be significantly im-
proved by retainingthe centripetalaccelerationtermin the equations
of motion. Here, the earlier assumption R — oo is replaced with the
assumption /R < 1, so that the equations of motion now reduce
to

dv

Pl cosy — Ngo (5a)

dyr v? .
UE_{E_gO}Smw (5b)

With this approximation, there is no limitation on the descent ve-
hicle velocity magnitude. The only requirement is that the descent
must take place close to the planetary surface to ensure that the mag-
nitude of the gravitational force is constant and that the centripetal
force loses its functional dependence on altitude. For a planetary or
small-body descent from a low parking orbit, these are reasonable,
practical approximations to make.

The new reduced equations may again be used to form a single,
separable differential equation with v as the independent variable,
such that

2
l{1—U—}ﬂ—l—cotw—Ncosecw=O 6)
v v2 ) dy
where v. = /(g0 R) is a measure of the circular orbit speed. It can
be seen that Eq. (6) is similar to the classical gravity-turn equation,
but with an additional term premultiplying the derivative. Again,
for the classical gravity-turn problem, v < v, so that Eq. (3) is
recovered. For descent from circular orbit conditions v ~ v, so that
the centripetal accelerationis of the same order as the gravitational
acceleration. In this case, Eq. (6) can still be integrated because it
remains separable. The resulting solution may be written as

log(v/ve) — (1/202) (v* — v2) = log G(¥) )

where

sin ¥ } { tan(y/2) }N )

siny tan(yo/2)
It can be seen that the centripetal acceleration has added a
quadraticterm to the classical gravity-turnsolutionof Eq. (4), which

can be neglected if v < v.. To proceed, a more useful way to write
Eq. (7)is

GW) = {

0% exp(—A0%) = exp(—A)G*(¥) ©)
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Fig.3 Velocity-pitch angle profile: - - - -, first-order solution; - - -, clas-
sical gravity-turn solution; and ——, extended gravity-turn solution,

with N=2 and A =0.64.

where ¥ = v/ is the nondimensional descent vehicle velocity and
A= (vo/v.)? is a measure of the effect of the centripetal accelera-
tion. Again, the classical gravity-turn solution is recovered in the
limit A — 0. For A ~ 1, the solution can be written in explicit form
using the Lambert W function® the solution to which is imple-
mented in symbolic mathematics packages as the ProductLog func-
tion. This function is defined such that ProductLog[z] returns the
principal solution of z= We", with ProductLog|z] being real if
z> —1/e, and can be viewed as an extension of the usual loga-
rithm function. The function also satisfies the differential equation
dW/dz + W/z(1 + W). By the use of this function, it can be shown
that Eq. (9) provides the normalized velocity as

3) = (i /2 Y WI=hexp(—0)G> (@)1} (10)

where i = /—1 and the positive branch solution has been selected.
A comparison of this new solution with the classical gravity-turn
solution, and a numerically integrated solution to the full equations
of motion, is shown in Fig. 2 for a thrust-to-weightratio N =2 and
A =1. It can be seen that the new solution provides an extremely
good match to the exact numerical solution, with the small discrep-
ancy at the end of the descent being due to the assumption that the
gravitational force is constant in magnitude. The new solution still
retains the desirable property that v — 0 as ¥ — 0, as can be shown
analytically.

To avoid the use of special functions, Eq. (9) can be expanded
in powers of A to provide a correction to the classical gravity-turn
solution for which A = 0. In particular, Eq. (9) may be written as

P2=GW{1+@ - Dr+i@ - DA+ ) (1D

Therefore, when only the first-order term is retained, the classical
gravity-turn solution can be modified to obtain

1
=G U A# 1 12)
1= TSem | # (
which still satisfies the boundary conditions v — 1 as ¥ — 1/ and
v — 0 as ¥ — 0. Again, a comparison of this first-order solution
with the classical gravity-turn solution, and the new solution to the
full equations of motion [Eq. (10)], is shown in Fig. 3 for a thrust-
to-weightratio N =2 and A = 0.64 (0o ~ 0.8v,). It can be seen that
the first-ordersolution providesa good representationof the descent
trajectoryfor amoderate value of A, althoughthe solutiondoes break
down in the limitas A — 1.

Conclusions
The classical gravity-turn descent problem has been extended to
allow an accurate representationof descent from circular orbit con-
ditions. This greatly extends the domain of validity of the classical
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gravity-turn solution from low-velocity terminal descent to com-
plete descent from a low parking orbit. Although the solution to the
modified gravity-turn problem can be obtained exactly as a special
function, a first-order correction to the classical gravity-turn solu-
tion can extend its validity to a larger range of descent velocities.
The availability of the descent vehicle velocity as a function of the
velocity pitch angle could, in principle, be used to reduce the com-
putationalburdenon real-time guidance algorithms for future lander
missions.

Acknowledgment

This work was performed with support from the Leverhulme
Trust.

References

lCheng, R. K., “Lunar Terminal Guidance,” Lunar Missions and Explo-
ration, edited by C. T. Leondes and R. W. Vance, Univ. of California En-
gineering and Physical Sciences Extension Series, Wiley, New York, 1964,
pp. 308-355.

2Citron, S. J., Dunin, S. E., and Messinger, H. F., “A Terminal Guidance
Technique for Lunar Landing,” AIAA Journal, Vol. 2, No. 3, 1964, pp. 503—
509.

3Cheng, R. K., Meredith, C. M., and Conrad, D. A., “Design Consider-
ations for Surveyor Guidance,” Journal of Spacecraft and Rockets, Vol. 3,
No. 11, 1966, pp. 1569-1576.

4Euler, E. A., Adams, G. L., and Hopper, F. W., “Design and Recon-
struction of the Viking Lander Descent Trajectories,” Journal of Guidance,
Control, and Dynamics, Vol. 1, No. 5, 1978, pp. 372-78.

SMclnnes, C.R., “Gravity-Turn Descent with Quadratic Air Drag,” Jour-
nal of Guidance, Control, and Dynamics, Vol. 20, No. 2, 1997, pp. 393,394.

%Corless, R. M., Gonnet, G. H., Hare, D. E. G., Jeffrey, D. J., and Knuth,
D. E., “On the Lambert W Function,” Advances in Computational Mathe-
matics, Vol. 5, 1996, pp. 329-359.

Riccati Dichotomic Basis Method
for Solving Hypersensitive Optimal
Control Problems
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Charles Stark Draper Laboratory, Inc.,
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Introduction

ANY optimal control problems and their associated Hamil-
tonian boundary-valueproblems (HBVPs) that arise from the
first-order optimality conditions are hypersensitive. =3 An optimal
control problem is hypersensitive if the time interval of interest is
longrelative to the rate of expansionand contraction of the Hamilto-
niandynamicsin certaindirectionsin a neighborhoodof the optimal
solution. Hypersensitive HBVPs are a challenge to solve numeri-
cally because they suffer fromill-conditioningas a result of extreme
sensitivity to unknown boundary conditions. When the rates are fast
in all directions, the HBVP and the optimal control problem are
called completely hypersensitive; when the rates are fast only in
certain some directions, the HBVP and the optimal control problem
are called partially hypersensitive. In this Note we are interested in
completely hypersensitive HBVPs.
The solution to a completely hypersensitive HBVP can be ap-
proximated by concatenating an initial boundary-layersegment, an
equilibrium segment, and a terminal boundary-layer segment.' =3
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The initial boundary-layer segment has no unstable component in
forward time, whereas the terminal boundary-layersegment has no
unstable component in backward time. This three-segmentapprox-
imation improves as the time interval of interest increases.

Recently, a new approach has been developed to solving
completely hypersensitive nonlinear HBVPs arising in optimal
control.!'=3 This method is inspired by the computational singu-
lar perturbation methodology for stiff initial-value problems*?
The method uses a dichotomic basis to decompose the nonlinear
Hamiltonian vector field into its contracting and expanding compo-
nents, thus allowing the missing conditions required to specify the
initial and terminal boundary-layersegments to be determined from
partial equilibriumconditions. The key feature of the method s that,
by using a dichotomic basis, the unstable (expanding) component
of the Hamiltonian vector field can be eliminated, thereby remov-
ing the hypersensitivity. The solution of the initial boundary-layer
segment is then found by integrating the stable component of the
Hamiltonian vector field forward in time. Similarly, the solution of
the terminal boundary-layersegment is found by integrating the un-
stable componentof the Hamiltonian vector field backward in time.

In previous work on hypersensitive optimal control problems,
the properties of a dichotomic basis were described, but no such
basis had actually been found. Consequently, it was necessary to
determine a solution to a completely hypersensitive HBVP using
an approximate dichotomic basis. Although this method has shown
some success, it can potentially fail because a sufficiently good
approximate dichotomic basis can be difficult to determine. The
major advancements of this research over previous work in the
area of completely hypersensitiveoptimal control' =3 are as follows:
1) the derivation of a dichotomic basis along the solution of a com-
pletely hypersensitiveHBVP in the initial boundary layer and 2) the
development of a successive approximation procedure to compute
this dichotomic basis and the initial boundary-layer solution. The
dichotomic basis described in this Note is found by solving a Ric-
cati differential equation. The need for a successive approximation
procedure arises because the solution in the initial boundary layer
is not known a priori. The successive approximation procedure is
illustrated on a problem in supersonic aircraft flight, and its range
of applicability is assessed.

Hamiltonian Boundary-Value Problem
In this Note we are interested in the following class of optimal
control problems. Find the piecewise continuous control u(t) € R”
ont € [0, t7] that minimizes the scalar cost functional

ty
J =/ L[x, u]dz (1)
0
subject to the differential constraint
x = f(x,u) 2
and boundary conditions
x(0) = x, x(ty) = xy (3)

where x(¢) e R" is the state.

The first-order necessary conditions for optimality lead to a
HBVP for the extremal trajectories. The HBVP is composed of
the Hamiltonian differential equations

. [ow7" AT : oH" "
x‘[ax}_[H*]’ = [ax}
where A(t) e R" is the adjoint and H*(x,A) = L[x, u*(x, )]+
AT flx,u*(x, A)] is the Hamiltonian evaluated at the optimal con-
trol u*(x,A) =argmin, H(x, A, u). Points p=(x,A) lie in the
2n-dimensional Hamiltonian phase space or, more simply, the phase
space. Because J and f (x, u) do not depend explicitly on time, H*
is constant along trajectories of Eq. (4). We use p=G(p) as an
alternate expression for the Hamiltoniansystem in Eq. (4) and refer
to G(p) as the Hamiltonian vector field, where G (p) is assumed to

be continuously differentiable.
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